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Introduction

HE problem of robust stabilization and control of inter-

val systems has received widespread interest since the
introduction of Kharitonov’s theorem!? and several exten-
sions.?* Recently, the problem of the robust root locus has
been considered by Barmish and Tempo.® However, their
work was limited to the case where the coefficients of the
characteristic polynomial are linear affine functions of physi-
cal parameters.

In this Note, an alternative algorithm for checking the zero
inclusion condition of an interval system, where the coeffi-
cients of its characteristic polynomial are multilinear affine
functions of physical parameters, is proposed. Use of the
algorithm for determining the robust root locations is pre-
sented. Numerical examples are given to illustrate the effec-
tiveness of the proposed approach.

Preliminary Definitions

Let the closed-loop characteristic polynomial of an interval
system be described as

m—1
As, g, K)y=s"+ Y, 8:(q, K)s' M)
i=0

where K is the loop gain, ¢ € Q CR? denotes a vector of
physical parameters with Q = {q|g; € [¢;” , ¢," 1, i =1, .. .,0}
and é;(g, K) are multilinear affine functions of 4.

Definition 1: A point 8 € Clocated inside a convex polygon,
conv(P), is said to satisfy the point inclusion condition (PIC)
with respect to conv(P) and is denoted as

B € conv(P) 7 )
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where conv(P) is the convex polygon consisting of a set of
points P,

Proposition 1: A point 3 satisfies the PIC with respect to
conv(P) if and only if the area of conv(P) is equal to the area
of conv({p;|p; € PUB)).

If B is chosen to be the origin of the complex plane, the zero
inclusion condition® (ZIC) can be restated as follows.

Corollary 1: The ZIC with respect to conv(P) is satisfied if
and only if

area[conv(P)] = area[conv({p;|p; € P U (0, 0)})] A3)

where area[conv( - )] denotes the area of conv( - ) and P repre-
sents the images of the hypercube’s vertices in the physical
parameter space. ’

The image of linear affine (LA) mappings, LLA(-), has the
following feature.

LA(Q) = LA{conv[vert(Q)]} = conv{LA[vert(Q)]} 4)

where vert(Q) is the set of the vertices of Q. For the multilin-
ear affine (MLA) mapping, MLA(-), it satisfies that

MLA(Q) Cconv{ MLA[vert(Q)] } (5)

Partition Q into p”~! subdomains Q; by partitioning each
g, J # k, into p segments, i.e.,
n—1

Q=HQi

If the number of partition intervals increases, the MLA map-
ping with respect to Q becomes the union of LA mapping with
respect to the subdomains Q;. That is, if p — o, then
pn -1
MLA(Q) = lim |J conv{MLA[vert(Q;]}

p—oo i=1

- 1
=lim |J conv{LAl[vert(Q)}} (6)
p—o i=1
Therefore, the image of MLA mapping of domain Q can be
obtained approximately using the union of the images of LA
mapping of its subdomains.

Check of Zero Inclusion Condition for the
Existence of Multilinear Dependence

For K =K* and s =s*, the characteristic polynomial
f(@) = A(s*, g, K*) becomes a MLA mapping. Corollary 1
gives an effective method for checking the ZIC where the
coefficients of characteristic polynomial are linear affine func-
tions of physical parameters.

Following Eq. (6), the area of the image of MLA mapping
can be expressed as follows:

n—1

areafMLA(Q)] = lim area<pU conV{LA[vert(Q,»)]}> ™
p—o i=1

If the right-hand term converges to an acceptable tolerance for
some p, say p, then

area[]MLA(Q)] zarea<p2 conv{LAlvert(Qi)]}> ®
i=1

The calculation procedure for the area of the image of the
MLA mapping is stated as follows.

1) Calculate the area of conv{LA[vert(Q)]} as the initial
value of arealMLA(Q)] denoted as areaqq and set p = 2.

2) Partition the domain Q into p"~! subdomains, denoted
as Q;, i =1, ..., p" !, by partitioning g;, j # k.

3) Calculate the size of

area<pU conv{LA[vert(Q))] }>
i=1

as the new size of area[MLA(Q)] denoted as areapey.
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4) If the relative convergence index

areagy — area
—< "M% < acceptable tolerance )

areagiq

then area[MLA(Q)] = area,,,, and stop, else area,y = areaney,
p=p +1, and go to step 2.
Example 1: Consider a bilinear polynomial

f(q1,q2) = 3 —4q, — 10q; + 12¢,43) + j(7 — 10g; — 8q>

+129,9)

where ¢; and ¢, are both perturbed in [0,1]. Suppose the
acceptable tolerance = 0.005; the size of the image of the
MLA mapping corresponding to the partition interval is
shown in Table 1.

The flow chart for checking the ZIC with respect to the
image of a MLA mapping is shown in Fig. 1.

AreaDl i area( conv( LA(vert (Q))))
Area, = area(conv( LA(vert (Q)) U{(0;0))))

Acceptable Tolerance = AT, p=2

¥
no =
Area old Areazem

yes &

n-1
PartitionQ: Q= U Q |
i=1 1

i=1

E—

Arealilew = area(conv( LA(vert (Qi))))
Areaiel_0 =area (conv( LA(vert ((% NULO0D)

no

Axe =
ol Al‘mncw

p=p+l

i
ne;

i
Area  =Area
ZEeTO
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n-1
Arca =area (UY  conv(LA(vert Q)
new i=1 i
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Fig. 1 Flow chart for checking the zero inclusion condition.
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Fig. 2 Robust pole locations of example 2.
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Table 1 Area of the image of MLA mapping

Area of image

Number of partitions of union of reaold — aréanew
of domain Q LA mapping areaold
1, (Q=10,11x10,1]) 36 —
2, (@:=10,1]
X[(i-1/1,i/2),i=1~2) 30.5785 0.1682
8, (Qi=I[0,1]x[(i —1)/8, i/8,
i=1~8) 24.8595 0.066
9, (Qi=1[0,11%[(: —1)/9, i/9],
i=1~9) 24.7603 0.0040

Since the perturbed set in the parameter space is a hyper-
cube, the image is simply connected for linear and multilinear
affine mapping cases. That is, the robust root region around
each nominal pole is simply connected. Therefore, a search
procedure’ can be applied associated with the proposed result
to improve the efficiency of determining the robust root loca-
tion.

Design Example

Example 2: Consider the numerical example discussed by
Biernacki et al.; the plant transfer function is described as

Ls2+ds +k
SZ[J1J2S2 + (Jl + Jz)dS + (Jl + Jz)k]

P(s)=

where J, = Jjo + q1, o = Jp + g, k =ko+ q3, andd =dy+ g4
with nominal values Jyo = Jy = 1, ko = 0.245, d = 0.0218973,
and g, g€ [—0.03, 0.03], g3 € [—0.155, 0.155], and g4 €
[ — 0.0181026, 0.0181026], respectively.

Suppose the design purpose is to guarantee a robust perfor-
mance with the damping ratio { = 0.2. Choose the first-order
compensator as

The design procedure is as follows.

1) To satisfy the damping ratio, X must be between 1.8
and 7. :

2) Select K* =4 and determine the robust root locations
around each nominal pole.

3) Figure 2 shows that the robust root locations are all
interior to the desired region. Thus, the value K* = 4 can be
chosen as a design value for achieving the robust performance.

In this example, if the pseudoparameters are introduced to
replace the multilinear terms of the coefficients of the charac-
teristic equation, a more conservative result is shown in Fig. 2.

Conclusions

In this Note, an alternative algorithm for checking the zero
inclusion condition is presented. With the proposed algorithm
and using a suitable search technique, the determination of the
root locus of interval systems is greatly improved for systems
with the coefficients of the characteristic polynomial multilin-
ear affine function of physical parameters. This provides a
feasible approach of robust pole assignment for systems with
real parameter perturbations.
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I. Introduction

N some applications, such as the Gunship AC-130U naviga-
tion system, a special type of measurement update is re-
quired from time to time, the so-called manual updates. This
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if we consider m =2, n>2, and

1 0 |
1 0.
K=10 1], H = 102,02
—————— 0 1]
0n-2,2

then
R

P+ = 02,n—2
022 P (n—-2,n-2)

where P-(n—2,n—2) is the (n—2)x(n-2) lower-right
block of the matrix P ~, and 0;; the null matrix with / rows and
J columns.

In general, the structure of the updated covariance matrix
after implementing one update can be described as follows:

Py 0pp, P
Pt = OPZP] Pimp Opzpa (2)
Py 0pp, Py

where P17, P53, P3, and P;; are submatrices from the covari-
ance matrix P~ of appropriate dimensions, i.e., P* is ob-
tained from P~ by substituting p, rows and p, columns as
specified in Eq. (2). The matrix Py, of p, X p;, is symmetric
positive definite.

II. Presentation of the Method

Next, we focus our attention on determining the (U*,D*)
factors of the updated covariance matrix P+ as a function of
the (U~,D ") factors of the covariance matrix P~ and the
(Uimp s Dimp) factors of the imposed submatrix P;,, when the
structure [Eq. (2)] is assumed.

Let us consider a general covariance matrix P with the same
partitions as specified in Eq. (2) and the corresponding (U, D)
factors using the same type of partitions; then we have

Un Up Us||Dy 0 O Up U Ug
P=UDUT= 0 Uy Uy 0 D, O 0 Uy Uy
0 0 Us; 0 0 D 0 0 Uy
UnD,Ufy + U DU+ U Dy Uy U DyUy + UpsD3 Uy UpsD3US,
= symmetric UpDy UL+ Uy Dy UL Uy Dy UL €)
symmetric symmetric U D3 UL

type of update amounts to implementing an imposed Kalman
filter gain at a specified time.

The main objective is to perform the update of the covari-
ance matrix in U —D form without reconstructing and decom-
posing the covariance matrix.

As is well known, the covariance matrix updating process
can be described by Joseph’s variant (Kalman stabilized)

Pt =({I-KH)P-(I-KH)" + KRKT )
where P-, P* is the covariance matrix prior and after mea-
surement incorporation of n X n, respectively, K the Kalman
gain matrix of n X m, H the observation matrix of m X n, and
R the measurement variance matrix of m x m.

When a specific value is imposed on the Kalman gain matrix
K (also called the suboptimal gain), we can determine a special
structure of the updated covariance matrix P *. For example,
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Substituting the U — D structure specified in Eq. (3) for both
P* and P~ in Eq. (2), and matching the corresponding blocks
(in fact only the six blocks contained in the upper triangu-
lar part of the covariance matrix) we obtain the following
equations:

UiD!URT+ U DS U™+ U DS UST

= U Dy Ui"+ U Dy U™+ Ui Dy Uy T C))
U Dy U™+ USDy U T =0 %)

U$ D U5 + U5 D3 U™ = Py = Uy DUl (6)
UjsDi UstT = Uz Dy U™ )

Uy Dy UfiT=0 ®)

Ui Df Us" = U Dy Uy " &)

From Eqgs. (9), (8), and (7), respectively, it follows that we
can set
Us; = Ug,

D} =D; (10)



